We study the compositeness of near-threshold states to clarify the internal structure of exotic hadron candidates. Within the framework of effective field theory, we extend the Weinberg's weak-binding relation to include the nearby CDD (Castillejo-Dalitz-Dyson) pole contribution with the help of the Padé approximant. Finally, using the extended relation, we conclude that the CDD pole contribution to the Λ(1405) baryon in theKN amplitude is negligible.
Introduction
Motivated by the recent discoveries of many candidates of the exotic hadrons [1, 2] , which are not assigned to thebaryon state nor themeson state, the study of the internal structure is an essential subject in hadron physics. While the much experimental and theoretical efforts have been paid for this topic, there are many hadrons whose structure is not clarified.
The powerful method to discuss the structure of shallow bound states directly from the experimental observables is established by Weinberg [3] . He has shown that the deuteron is a proton-neutron composite system deriving the relations between the threshold parameters (the scattering length a 0 and the effective range r e ) and the normalization of the deuteron wave function. The internal structure of the deuteron is characterized by the compositeness X which is defined as the probability to find the composite state in the physical bound state using the wave function of the bound state [4, 5] . The weak-binding relation is given by
where µ is the reduced mass and R = 1/ 2µB is the length scale related to the binding energy B. R typ is the typical length scale of the interaction of this system. These weak-binding relations tell us that if the binding energy of the state is small and satisfies R typ /R ≪ 1, the compositeness can be calculated from the observables without using models. To study the structure of exotic hadrons, which are all unstable states, the weak-binding relation is generalized for an unstable state in Ref. [6, 7] On the other hand, as already mentioned in Ref. [3] , we cannot apply the weak-binding relations (1) to the system which has a CDD (Castillejo-Dalitz-Dyson) pole [8] near the threshold. The CDD pole is defined as the pole of the inverse amplitude f −1 . It is considered that the existence of the CDD pole reflects the contribution comes from outside the model space [9] . Recently, the relation between the CDD pole position and the compositeness is discussed in detail in Refs. [10, 11] . In this paper, we present the extension of the weak-binding relation taking the nearby CDD pole contribution. All the contents in this paper is based on Ref. [7] .
Derivation of the weak-binding relation based on effective field theory
We first consider the single-channel s-wave scattering with a shallow bound state. Our interest is focused on the low energy physics near the threshold. We analyze this system with the non-relativistic effective field theory (EFT) with contact interactions [12, 13] 
Here we take = 1. We consider that this EFT is applicable below the cutoff momentum Λ. The cutoff scale is related to the typical length scale of the interaction R typ as Λ ∼ 1/R typ . We consider that the full Hamiltonian has a discrete eigenstate |B with the binding energy B in the same quantum numbers with the two-body ψφ system as H| B = −B| B . From the phase symmetry of the Hamiltonian, we can show that the completeness relation in this sector is spanned by the eigenstates of H free : the scattering states
with the creation operatorsψ † (p), the vacuum | 0 , and V = (2π) 3 δ 3 (0). Thus the physical bound state |B can be written as a linear combination of these states. Now we define the compositeness X (the elementariness Z) as the probability to find the scattering (discrete) state in the bound state;
By normalizing the bound state as B|B = 1, X and Z satisfy the important relations; Z + X = 1 and Z, X ∈ [0, 1], which ensure the probabilistic interpretation. In this formalism, it is known that the compositeness X can be written as [5, 7] 
where
is the coupling constant between the scattering state and the bound state, G(E) is the loop function normalized by the cutoff Λ. To derive the weak-binding relation, assuming that the binding energy B is sufficiently small, we express g 2 and G ′ (−B) with the experimental observables. In Ref. [5] , it is shown that the G ′ (−B) can be expanded as
In this expression, the leading term is independent of R typ and written solely by B. To approximate the coupling constant g 2 , we introduce the effective range expansion (ERE) for the inverse amplitude:
where R eff is the length scale characterizing this expansion. With Eq, (7), g 2 can be expressed as
By substituting Eqs. (6) and (8) into Eq. (5), the weak-binding relation is obtained:
Here we notice that we introduce two assumptions:
(i) R is sufficiently smaller than the typical range scale of the interaction: R typ /R ≪ 1, (ii) the convergence region of ERE reaches the bound state pole: (R eff /R) 3 ≪ 1.
The higher order term of O(R typ /R) comes from the assumption (i), which is related to the expansion of the derivative of the loop function (6) . With the assumption (ii), the higher order term of O((R eff /R) 3 ) arises from the expansion of g −2 . To simplify the expression (9) as Eq. (1), we need the stronger assumption R eff R typ instead of the assumption (ii). Without this assumption, two expansions are independent of each other and these higher order terms should be considered separately.
Improvement of the weak-binding relation
While the ERE is a general expression of the near-threshold amplitude, its convergence region does not always reach the eigenenergy. The convergence region of the ERE is determined by the magnitude of R eff in Eq. (7). When R eff is large, the convergence region is limited to be small. A large R eff is sometimes caused by the nearby CDD (Castillejo-Dalitz-Dyson) pole [8] . Because the energy of the CDD pole E c is defined as the energy where the scattering amplitude vanishes, the ERE converges only in the region |E| < |E c |. When |E c | B, the ERE is not valid at E = −B, and then we cannot use the weak-binding relation [3] . Because the ERE is introduced to describe g −2 in Eq. (5), in the following two subsections, we extend the weak-binding relation by employing improved expressions of g −2 .
Improvement by higher order terms in effective range expansion
While we have approximated p cot δ in Eq. (7) up to the p 2 term, here we take the fourth order term of the expansion to improve the approximation:
With Eqs. (10) and (8), the coupling constant g 2 can be expressed with R, r e and v. With these quantities, the compositeness is written as
When v/R 3 is order of O((R eff /R) 3 ), this expression reduces to Eq. (9). We can improve the estimation of the compositeness by including the term of v/R 3 . By the condition of the bound state, this relation can be rewritten in terms of R, a 0 and r e as
When R satisfies (R eff /R) 5 ≪ 1 and R typ /R ≪ 1, we can neglect the higher order terms and calculate the compositeness from a 0 , r e and B. In Eq. (12), the contribution from the higher order terms of the effective range expansion is included in R through the bound state condition.
Improvement by Padé approximant
As mentioned above, the nearby CDD pole restrict the convergence region of the ERE. To include the CDD pole contribution to the weak-binding relation, here we use the Padé approximant method to describe p cot δ:
where R Padé is the length scale characterizing this expansion. The threshold parameters are related to this expansion as a 0 = −b −1 0 and r e = 2(b 1 − b 0 c 1 ). Substituting Eq. (13) to Eq. (8), we obtain the expression of the coupling constant:
We can replace the three independent quantities b 0 , b 1 and c 1 by the threshold parameters a 0 , r e and R using the condition of the bound state. Thus the extended weak-binding relation becomes
By neglecting the two higher order terms, we can calculate the compositeness with the three observables a 0 , r e and B. With this extended relation, the nearby CDD pole contribution can be included in the determination of the compositeness owing to the employment of the Padé approximant.
Application to Λ(1405)
Λ (1405) is the negative parity excited baryon with spin 1/2 and isospin I = 0 [14] . Λ(1405) couples to theKN channel in s wave and eventually decays into the πΣ channel. In the framework of the chiral SU(3) dynamics [15, 16] , it is pointed out that the Λ(1405) is well described by the two pole structure. We can study theKN compositeness of the higher pole state which lies near thē KN threshold energy. Based on the weak-binding relation and some experimental analyses, without considering the CDD pole contribution, it is shown that Λ(1405) is dominated by theKN composite component [6, 7] .
To investigate the CDD pole contribution to Λ(1405), we calculate the compositeness with three weak-binding relations (1), (12) and (15) , using the scattering length a 0 = 1.39 − i0.85 fm, the effective range r e = 0.24 − i0.05 fm and the eigenenergy E h = −10 − i26 MeV determined from the amplitude in Ref. [16] 
Conclusion
We have discussed the nearby CDD pole contribution to the weak-binding relation in the framework of the nonrelativistic effective field theory. In the new derivation of the weak-binding relation, we separate the expansion in terms of R typ /R from that of R eff /R. This derivation clarifies the relation between the higher order terms in the two different expansions and evades the implicit assumption R eff R typ in the previous derivations. Then by employing two different improvements of the approximation of the scattering amplitude, we show the extended weak-binding relation. The first extended relation is obtained by taking the fourth order term in terms of p in the effective range expansion. The second improvement is accomplished by introducing the Padé approximant for the inverse scattering amplitude to include the nearby CDD pole contribution. Finally, we discuss the compositeness of the higher pole state of the Λ(1405) using the extended weak-binding relation. From the small difference of the compositeness calculated with the three weak-binding relations, we conclude that the effective range expansion converges well and the CDD pole contribution is negligible in theKN amplitude.
